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Abstrat

For Box-quasimetri of the anonial Engel group onsidered as symmetri

(q1, q2) quasimetri, the desription of the domain of its admissible

parameters q1, q2 is obtained. The minimum value of the onstant q in its

(q, q)-generalized triangle inequality is found impliitly.

Keywords

(q1, q2)-quasimetri, Box-quasimetri, anonial Engel group, admissible

parameters.

Funding

1,2
The study was ompleted with a grant from the Russian Siene

Foundation (projet No. 24-21-00319, https://rsf.ru/projet/24-21-

00319/ NSU

For itation

Greshnov A.V., Greshnova S.A., The domains of admissible parameters of

Box-quasimetri of anonial Engel group // Mat. Trudy, 2025, V. 28, N 2,

P. 50-61. DOI 10.25205/1560-750X-2025-28-2-50-61

Ââåäåíèå

Íàïîìíèì, ÷òî (q1, q2)-êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì [1, 2, 3℄ íàçû-

âàåòñÿ ïàða (X, dX), ãäå X � íåêîòîðîå ìíîæåñòâî, ñîñòîÿùåå íå ìåíåå

÷åì èç äâóõ ýëåìåíòîâ, dX : X × X → R+ ∪ 0 � íåêîòîðàÿ �óíêöèÿ,

óäîâëåòâîðÿþùàÿ àêñèîìå òîæäåñòâà

dX(x, y) = 0 ⇔ x = y

(â ýòîì ñëó÷àå ãîâîðÿò, ÷òî dX � �óíêöèÿ ðàññòîÿíèÿ) è (q1, q2)-îáîáùåí-
íîìó íåðàâåíñòâó òðåóãîëüíèêà, ò. å.

dX(x, y) ≤ q1dX(x, z) + q2dX(z, y) ∀x, y, z ∈ X, q1, q2 ≥ 1.

Åñëè q1 = q2 = 1, òîãäà (X, dX) � êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî [4℄.

Åñëè äëÿ (q1, q2)-êâàçèìåòðè÷åñêîãî ïðîñòðàíñòâà (X, dX) âûïîëíÿåòñÿ óñëî-
âèå

dX(x, y) ≤ q0dX(y, x) ∀x, y ∈ X,

ãäå êîíñòàíòà q0 > 0 íå çàâèñèò îò âûáîðà x, y, òî (q1, q2)-êâàçèìåòðè÷åñêîå
ïðîñòðàíñòâî (X, dX) ÿâëÿåòñÿ q0-ñèììåòðè÷åñêèì; â ñëó÷àå q0 = 1 èñïîëü-
çóåòñÿ ïîíÿòèå ñèììåòðè÷åñêîãî (q1, q2)-êâàçèìåòðè÷åñêîãî ïðîñòðàíñòâà.
Äëÿ (q1, q2)-êâàçèìåòðè÷åñêîãî ïðîñòðàíñòâà (X, dX) ÷åðåç Q = Q(X, dX)
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52 Îáëàñòü äîïóñòèìûõ ïàðàìåòðîâ Box-êâàçèìåòðèêè

îáîçíà÷èì ìíîæåñòâî òî÷åê q = (q1, q2) åâêëèäîâîé ïëîñêîñòè Π ñ êîîð-

äèíàòàìè (q1, q2) òàêèõ, ÷òî äëÿ dX âûïîëíÿåòñÿ (q1, q2)-îáîáùåííîå íåðà-
âåíñòâî òðåóãîëüíèêà. Ìíîæåñòâî Q = Q(X, dX) íàçîâåì ìíîæåñòâîì äî-

ïóñòèìûõ ïàðàìåòðîâ äëÿ (q1, q2)-êâàçèìåòðèêè dX . Ïîíÿòíî, ÷òî

Q(X, dX) ⊆ K = {(q1, q2) ∈ Π | q1, q2 ≥ 1}.

Ýëåìåíòàðíûå ñâîéñòâà îáëàñòåé äîïóñòèìûõ ïàðàìåòðîâ (q1, q2) -êâàçè-
ìåòðèê è ïðèìåðû ÷èòàòåëü ìîæåò íàéòè â ðàáîòàõ [1, 5, 6℄. �ðóïïû Êàðíî

G, ñíàáæåííûå Box-êâàçèìåòðèêàìè BoxG, ÿâëÿþòñÿ âàæíûìè ÷àñòíûìè

ñëó÷àÿìè ñèììåòðè÷åñêèõ (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ [1℄�[11℄.

Box-êâàçèìåòðèêè áûëè ââåäåíû Íàéäæåëîì, Ñòåéíîì è Âýéíãåðîì â ðà-

áîòå [11℄ äëÿ ïîëó÷åíèÿ îöåíîê ÿäåð íåêîòîðûõ íåýëëèïòè÷åñêèõ äè�-

�åðåíöèàëüíûõ îïåðàòîðîâ (òèïà ñóáëàïëïñèàíà). Box-êâàçèìåòðèêè èã-

ðàþò âàæíóþ ðîëü â ãåîìåòðè÷åñêîì àíàëèçå íà ïðîñòðàíñòâàõ Êàðíî�

Êàðàòåîäîðè, ñì. [6℄�[10℄. Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ îá-

ëàñòåé äîïóñòèìûõ ïàðàìåòðîâ äëÿ Box-êâàçèìåòðèê ãðóïï Êàðíî, íà÷à-

òûå â ðàáîòå [5℄. Îòìåòèì, ÷òî â ðàáîòå [5℄ íà ïåðâîé ãðóïïå �åéçåíáåðãà

H1
α áûëî ïîëó÷åíî ñëåäóþùåå îïèñàíèå îáëàñòè äîïóñòèìûõ ïàðàìåòðîâ

åå Box-êâàçèìåòðèêè BoxH1
α
.

Òåîðåìà 0.1. Ìíîæåñòâî ∂Q(H1
α, BoxH1

α
) ïðåäñòàâëÿåò ñîáîé: 10 ïðè

α > 2 îáúåäèíåíèå äóãè âåòâè ïàðàáîëû 4q21 + 4q22 − 4q1q2α + α2 − 4 = 0,
îãðàíè÷åííîé òî÷êàìèMq1 = (1, α

2
),Mq2 = (α

2
, 1), è ëó÷åé, ïðèíàäëåæàùèõ

∂K, íà÷èíàþùèõñÿ â òî÷êàõ Mq1 , Mq2 , 2
0
ïðè α ≤ 2 ñîâïàäàåò ñ ∂K.

Â íàñòîÿùåé ðàáîòå, èñïîëüçóÿ ðåçóëüòàòû òåîðåìû 0.1, íàìè ïîëó÷åíî

îïèñàíèå îáëàñòè äîïóñòèìûõ ïàðàìåòðîâ äëÿ Box-êâàçèìåòðèêè BoxEα,β

êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ Eα,β (ñâîéñòâà 2.2�2.4, òåîðåìà 2.5). Îäíàêî,

â îáùåì ñëó÷àå îïèñàíèå ìíîæåñòâà äîïóñòèìûõ ïàðàìåòðîâ

Q(Eα,β, BoxEα,β
) íå èìååò òàêóþ æå ëàêîíè÷íóþ íàãëÿäíóþ �îðìó, êàê

Q(H1
α, BoxH1

α
) (ñì. ñâîéñòâî 2.2, òåîðåìà 2.5). Áîëåå òîãî, äëÿ óïðîùåíèÿ

�îðìû çàïèñè êîîðäèíàò êðèâîé σ, ñì. (2.10), àâòîðû èñïîëüçîâàëè ïà-

êåòû âû÷èñëèòåëüíûõ ïðîãðàìì, îäíàêî ðåçóëüòàòû ýòèõ ïðèìåíåíèé íå

äàëè æåëàåìûå óïðîùåíèÿ. Â òåîðåìå 2.6 ìû ïîëó÷èëè ìèíèìàëüíîå çíà-

÷åíèå êîíñòàíòû q äëÿ (q, q)-îáîáùåííîãî íåðàâåíñòâà òðåóãîëüíèêà äëÿ

Box-êâàçèìåòðèêè BoxEα,β
, íî â íåÿâíîì âèäå � êàê ðåøåíèå íåêîòîðîãî

óðàâíåíèÿ òðåòüåé ñòåïåíè. Îòìåòèì, ÷òî äëÿ ïåðâîé ãðóïïû �åéçåíáåð-

ãà ìèíèìàëüíîå çíà÷åíèå êîíñòàíòû q äëÿ (q, q)-îáîáùåííîãî íåðàâåíñòâà
òðåóãîëüíèêà äëÿ Box-êâàçèìåòðèêè BoxH1

α
íàõîäèòñÿ ÿâíî, è îíî ðàâíî

√
α+1

2
[5, Ñëåäñòâèå 5℄.

Ïîëó÷åííûå â ðåçóëüòàòû ðàáîòû ìîãóò áûòü ïðèìåíåíû äëÿ ïîëó÷å-

íèÿ òî÷íûõ îöåíîê óñòîé÷èâîñòè ëèïøèöåâûõ îòîáðàæåíèé ïî îòíîøåíèþ
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ê íàêðûâàþùèì îòîáðàæåíèÿì â òåîðåìàõ î ñóùåñòâîâàíèè òî÷åê ñîâïà-

äåíèÿ íà ãðóïïàõ Êàðíî, ñíàáæåííûõ Box-êâàçèìåòðèêàìè, ñì. [1, 2℄.

Àâòîðû áëàãîäàðÿò ðåöåíçåíòà çà âíèìàíèå ê ðàáîòå è öåííûå çàìå÷à-

íèÿ.

� 1. Êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ Eα,β è åå

Box-êâàçèìåòðèêà

Êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ Eα,β, ñì. [10℄, îïðåäåëÿåòñÿ â ñòàíäàðò-

íîì åâêëèäîâîì ïðîñòðàíñòâå R4
ñ ñèñòåìîé êîîðäèíàò (x, y, t, z), èíäóöè-

ðîâàííîé êîîðäèíàòíûì ðåïåðîì (O, e1, e2, e3, e4), ïðè ïîìîùè ñëåäóþùåé
òàáëèöû êîììóòàòîðîâ

{

[e1, e2] = αe3, α > 0,

[e1, e3] = βe4, β > 0,
(1.1)

âñå îñòàëüíûå âîçìîæíûå êîììóòàòîðû e1, e2, e3, e4 ðàâíû 0.
Ïðîèçâîëüíûé ýëåìåíò u ∈ Eα,β îòîæäåñòâëÿåòñÿ ñî ñâîåé êîîðäèíòíîé

çàïèñüþ, ò. å.

u = xe1 + ye2 + te3 + ze4 = (x, y, t, z).

Èñïîëüçóÿ �îðìóëó Êýìïáåëëà�Õàóñäîð�à [12℄ è òàáëèöó (1.1), ìû ïî-

ëó÷àåì àíàëèòè÷åñêîå âûðàæåíèå îïåðàöèè ëåâîãî ñäâèãà P
Eα,β
w w′

ïðî-

èçâîëüíîãî ýëåìåíòà w′ = (x′, y′, t′, z′) ∈ Eα,β íà ïðîèçâîëüíûé ýëåìåíò

w = (x, y, t, z) ∈ Eα,β:

P
Eα,β
w w′ = w · w′

=
(

x+x′, y+y′, t+t′+
α

2
(xy′−x′y), z+z′+

β

2
(xt′−x′t)+

αβ

12
(x−x′)(xy′−x′y)

)

.

(1.2)

Íåéòðàëüíûé ýëåìåíò O êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ ñîâïàäàåò ñ íà÷à-

ëîì êîîðäèíàò åâêëèäîâà ïðîñòðàíñòâà R4
, ò. å. O = (0, 0, 0, 0), è äëÿ ëþáî-

ãî ýëåìåíòà u = (x, y, t, z) ∈ Eα,β ìû èìååì u−1 = (−x,−y,−t,−z). Îäíî-
ïàðàìåòðè÷åñêàÿ ïîäãðóïïà ðàñòÿæåíèé δε, ε ≥ 0, äåéñòâóåò íà ýëåìåíòû
u = (x, y, t, z) ñëåäóþùèì îáðàçîì

δε : (x, y, t, z) → (εx, εy, ε2t, ε3z).

Ïóñòü u, v ∈ Eα,β, òîãäà v = u · (u−1v) = uc, ãäå

c = c(u, v) = (c1, c2, c3, c4)(u, v). (1.3)
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Òîãäà Box-êâàçèðàññòîÿíèå BoxEα,β
ìåæäó äâóìÿ ýëåìåíòàìè u, v êàíîíè-

÷åñêîé ãðóïïû Ýíãåëÿ Eα,β îïðåäåëÿåòñÿ êàê

BoxEα,β
(u, v) = max{|c1|, |c2|, |c3|

1

2 , |c4|
1

3}.

Èç îïðåäåëåíèÿ âûòåêàåò, ÷òî BoxEα,β
óäîâëåòâîðÿåò àêñèîìàì òîæäåñòâà

è ñèììåòðèè, à òàêæå ÿâëÿåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî äåéñòâèÿ îä-

íîïàðàìåòðè÷åñêîé ïîäãðóïïû ðàñòÿæåíèé δε è ëåâûõ ñäâèãîâ, ò. å.

BoxEα,β
(P

Eα,β
w u, P

Eα,β
w v) = BoxEα,β

(u, v) ∀u, v, w ∈ Eα,β,

BoxEα,β
(δεu, δεv) = εBoxEα,β

(u, v) ∀u, v ∈ Eα,β ∀ε ≥ 0.

Èñïîëüçóÿ �îðìóëó Êýìïáåëëà�Õàóñäîð�à [12℄, íåñëîæíî óáåäèòüñÿ,

ñì., íàïðèìåð, [7℄, â òîì, ÷òî íàéäóòñÿ êîíñòàíòû q1, q2 > 0 òàêèå, ÷òî

BoxEα,β
(u, w) ≤ q1BoxEα,β

(u, v) + q2BoxEα,β
(v, w) ∀u, v, w ∈ Eα,β. (1.4)

� 2. Ìíîæåñòâî Q(Eα,β, BoxEα,β
)

Ñäåëàåì íåñêîëüêî óïðîùåíèé, êîòîðûå ïîìîãóò äëÿ ïîëó÷åíèÿ îïè-

ñàíèÿ ìíîæåñòâà Q(Eα,β, BoxEα,β
), ñì. [5, 10℄. Èñïîëüçóÿ èíâàðèàíòíîñòü

BoxEα,β
îòíîñèòåëüíî ëåâûõ ñäâèãîâ, ìû áóäåì îïðåäåëÿòü îáëàñòü äîïó-

ñòèìûõ ïàðàìåòðîâ Q(Eα,β, BoxEα,β
), èñïîëüçóÿ âìåñòî (1.4) íåðàâåíñòâî

BoxEα,β
(O,w) ≤ q1BoxEα,β

(O, v) + q2BoxEα,β
(v, w). (2.1)

Ïóñòü BoxEα,β
(O, v) = BoxEα,β

(O,w′) = 1, v = (x, y, t, z), w′ = (x′, y′, t′, z′),

w = vδεw
′ = (f0, f1, f2, f3)(v, w

′, ε) =
(

x+ εx′, y + εy′,

t+ ε2t′ +
αε

2
(xy′− y′x), z+ ε3z′ +

βε

2
(xεt′ −x′t)+

αβε

12
(x−x′ε)(xy′−x′y)

)

,

(2.2)

òîãäà íåðàâåíñòâî (2.1) çàïèñûâàåòñÿ êàê

max
{

|f0|, |f1|, |f2|
1

2 , |f3|
1

3

}

≤ q1 + q2ε, ε ≥ 0. (2.3)

Ó÷èòûâàÿ àêñèîìó ñèììåòðèè è èíâàðèàíòíîñòü BoxEα,β
îòíîñèòåëüíî

äåéñòâèÿ ïîäãðóïïû ðàñòÿæåíèé δε, äëÿ ïîëó÷åíèÿ îïèñàíèÿ ìíîæåñòâà

Q(Eα,β , BoxEα,β
)
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ìû áóäåì èñïîëüçîâàòü íåðàâåíñòâî (2.3) âìåñòî íåðàâåíñòâà (2.1), ñì. [5,

10℄.

Ñèìâîëîì Qi îáîçíà÷èì ñîâîêóïíîñòü òî÷åê M = M(q1, q2) ìíîæåñòâà
K òàêèõ, ÷òî äëÿ âñåõ ε ≥ 0 âûïîëíÿåòñÿ

|fi(v, w′, ε)| 1i ≤ q1 + εq2, i = 2, 3,

äëÿ âñåõ ïîäõîäÿùèõ v, w′
. Íåòðóäíî âèäåòü, ÷òî ìíîæåñòâà Qi ÿâëÿþòñÿ

âûïóêëûìè è çàìêíóòûìè. Îòìåòèì, ÷òî äëÿ f0, f1 ìíîæåñòâà Qi, i = 0, 1,
òî÷åê M = M(q1, q2) ∈ K òàêèõ, ÷òî äëÿ âñåõ ε ≥ 0 âûïîëíÿåòñÿ

|fi(v, w′, ε)| ≤ q1 + εq2, i = 0, 1,

äëÿ âñåõ ïîäõîäÿùèõ v, w′
, ñîâïàäàþò ñ ìíîæåñòâîì K.

Ñâîéñòâî 2.2. Q(Eα,β, BoxEα,β
) = K ∩Q2 ∩Q3.

Äîêàçàòåëüñòâî. Ïóñòü, íàïðèìåð, BoxEα,β
(O,w) = |f3(v, w′, ε)| 13 , òî-

ãäà (q1, q2) ∈ Q3, ñì. (2.3), íî òàê êàê

|f3|
1

3 = max
{

|f0|, |f1|, |f2|
1

2 , |f3|
1

3

}

,

òî (q1, q2) ∈ Qi, i = 0, 1, 2,⇒ (q1, q2) ∈ K ∩Q2 ∩Q3; ñëåäîâàòåëüíî,

Q(Eα,β, BoxEα,β
) ⊆ K ∩Q2 ∩Q3.

Âêëþ÷åíèå K ∩ Q2 ∩ Q3 ⊆ Q(Eα,β, BoxEα,β
) ñëåäóåò èç îïðåäåëåíèÿ

ìíîæåñòâà K ∩Q2 ∩Q3.

Ñâîéñòâî 2.3 ([5℄). Q2 = Q(H1
α, BoxH1

α
).

Ó÷èòûâàÿ ñâîéñòâà 2.2, 2.3, äëÿ ïîëó÷åíèÿ îïèñàíèÿ ìíîæåñòâà

Q(Eα,β , BoxEα,β
)

íàì íåîáõîäèìî âûÿñíèòü, êàê óñòðîåíî ìíîæåñòâî Q3. Îòìåòèì, ÷òî â

ðàáîòå [10℄ áûëî óñòàíîâëåíî, ÷òî

max
v,w′

|f3(v, w′, ε)| = 1 + (
β

2
+

αβ

6
)ε+ (

β

2
+

αβ

6
)ε2 + ε3.

Òîãäà ìíîæåñòâî Q3 ñîâïàäàåò ñ ìíîæåñòâîì, ñîñòîÿùèì èç òî÷åê (q1, q2)
ïëîñêîñòè Π òàêèõ, ÷òî

1 + (
β

2
+

αβ

6
)ε+ (

β

2
+

αβ

6
)ε2 + ε3 ≤ (q1 + εq2)

3, ε ≥ 0. (2.4)

Èñïîëüçóÿ (2.4), èç òåîðåìû 0.1 è ñâîéñòâ 2.2, 2.3 âûòåêàåò ñëåäóþùåå
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Ñâîéñòâî 2.4 ([5, 10℄). 10 Åñëè max
{

α
2
, β

6
+ αβ

18

}

≤ 1, òî

Q(Eα,β, BoxEα,β
) = K.

20 Åñëè α > 2, β

6
+ αβ

18
≤ 1, òî Q(Eα,β , BoxEα,β

) = Q(H1
α, BoxH1

α
).

Èññëåäóåì ìíîæåñòâî Q3 ïðè óñëîâèè

β

6
+ αβ

18
> 1. Äëÿ ýòîãî èçó÷èì

ìíîæåñòâî ∂Q3. Ïî îïðåäåëåíèþ ìíîæåñòâî ∂Q3 ñîñòîèò èç òàêèõ òî÷åê

(q1, q2) ∈ K, ÷òî äëÿ ëþáîé ïàðû (q1, q2) ∈ ∂Q3 íàéäåòñÿ ÷èñëî εq1,q2 ≥ 0
òàêîå, ÷òî äëÿ íåãî íåñòðîãîå íåðàâåíñòâî (2.4) îáðàùàåòñÿ â ðàâåíñòâî,

è ïðè ýòîì íåðàâåíñòâî (2.4) ñîõðàíÿåòñÿ â íåêîòîðîé îêðåñòíîñòè òî÷êè

εq1,q2 ∈ [0,∞) ; ñ äðóãîé ñòîðîíû, åñëè äëÿ êàêîãî-òî ε′ ∈ [0,∞) íàøëàñü
ïàðà q′1, q

′
2 ≥ 1 òàêàÿ, ÷òî ïðè ýòèõ çíà÷åíèÿõ íåðàâåíñòâî (2.4) íåðàâåí-

ñòâî îáðàòèëîñü â ðàâåíñòâî, è ïðè ýòîì íåðàâåíñòâî (2.4) ñîõðàíÿåòñÿ â

íåêîòîðîé îêðåñòíîñòè òî÷êè ε′ ∈ [0,∞) òî (q′1, q
′
2) ∈ ∂Q3. Èç ðåçóëüòàòîâ

ðàáîòû [10℄ âûòåêàåò, ÷òî ìíîæåñòâî ∂Q3 ïðåäñòàâëÿåò ñîáîé îáúåäèíå-

íèå äóãè íåêîòîðîé êðèâîé σ ⊂ K ñ êîíöàìè â òî÷êàõ M ′
q1
, M ′

q2
è ëó÷åé,

ïðèíàäëåæàùèõ ∂K, íà÷èíàþùèõñÿ â òî÷êàõ M ′
q1
, M ′

q2
, ãäå

M ′
q1
= (1,

a

3
), M ′

q2
= (

a

3
, 1), a =

β

2
+

αβ

6
.

�àññìîòðèì �óíêöèþ

fq1,q2(ε) = ε3(q32 − 1) + ε2(3q1q
2

2 − a) + ε(3q21q2 − a) + (q31 − 1), (2.5)

äëÿ 1 < q1, q2 < a
3
, ñì. (2.4); ýòî ñëó÷àé êðèâîé σ áåç åå êîíöîâ. Ïðè

ðàçëè÷íûõ q1, q2 íàñ èíòåðåñóþò êîðíè �óíêöèè fq1,q2(ε), íî ïðè ýòîì íàñ

íå èíòåðåñóþò îòðèöàòåëüíûå êîðíè. Òàêæå íàñ íå èíòåðåñóåò ñèòóàöèÿ,

êîãäà fq1,q2(0) = 0. Ïóñòü äëÿ íåêîòîðîãî ε′ > 0 ìû èìååì fq1,q2(ε
′) = 0,

è ïðè ýòîì ïðè ïåðåõîäå ÷åðåç ε′ �óíêöèÿ fq1,q2(ε) èëè ìåíÿåò çíàê, èëè

ñîõðàíÿåò çíàê ¾ìèíóñ¿ â íåêîòîðîé ¾ïðîêîëîòîé¿ îêðåñòíîñòè ε′; â ýòîì

ñëó÷àå èç îïðåäåëåíèÿ ìíîæåñòâà ∂Q3 âûòåêàåò ε′ 6= εq1,q2. Òàêèì îáðàçîì,

êîðåíü εq1,q2 èìååò êðàòíîñòü 2; ïðè ýòîì â òî÷êå εq1,q2 �óíêöèÿ fq1,q2(ε)
èìååò ëîêàëüíûé ìèíèìóì. Çàìåòèì, ÷òî ïî �îðìóëàì Âèåòà ïðîèçâåäå-

íèå êîðíåé óðàâíåíèÿ fq1,q2(ε) = 0 ðàâíî− q3
1
−1

q3
2
−1
, òàêèì îáðàçîì, îñòàâøèéñÿ

êîðåíü ε0 óðàâíåíèÿ fq1,q2(ε) = 0 îòðèöàòåëüíûé. Òàêèì îáðàçîì, íà ïîëó-

ïðÿìîé [0,∞) â òî÷êå εq1,q2 �óíêöèÿ fq1,q2(ε) èìååò ãëîáàëüíûé ìèíèìóì.

Òàê êàê εq1,q2 � êîðåíü óðàâåíåíèÿ fq1,q2(ε) = 0 êðàòíîñòè 2 , òî εq1,q2 �

êîðåíü óðàâåíåíèÿ f ′
q1,q2

(ε) = 0; èñïîëüçóÿ äàííûé �àêò, íàéäåì äëÿ εq1,q2
åãî âûðàæåíèå. �àññìîòðèì óðàâíåíèå

f ′
q1,q2

(ε) = 3(q32 − 1)ε2 + 2(3q1q
2

2 − a)ε+ (3q21q2 − a) = 0. (2.6)
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Êîðíè ε1,2 óðàâíåíèÿ (2.6) èìåþò âèä

ε1,2 =
−2(3q1q

2
2 − a)±

√
D

6(q32 − 1)
,

ãäå

D = 4(3q1q
2

2 − a)2 − 12(q32 − 1)(3q21q2 − a).

Ñëåäîâàòåëüíî,

εq1,q2 =
−2(3q1q

2
2 − a) +

√
D

6(q32 − 1)
. (2.7)

Òåïåðü, äëÿ òîãî, ÷òîáû ïîëó÷èòü èí�îðìàöèþ î ìíîæåñòâå σ, íàì ñëåäóåò

ðàññìîòðåòü óðàâíåíèå fq1,q2(εq1,q2) = 0, ãäå εq1,q2 èç (2.7), îòíîñèòåëüíî

ïîäõîäÿùèõ q1, q2. Îäíàêî òàêîé ïóòü ïðèâîäèò ê äîñòàòî÷íî ãðîìîçäêîìó

âûðàæåíèþ. Çäåñü ìîæíî íåñêîëüêî óïðîñòèòü ðàññìîòðåíèÿ. Èñïîëüçóÿ

�îðìóëû Âèåòà, ìû èìååì

2εq1,q2 + ε0 =
a− 3q1q

2
2

q32 − 1
⇒

(2.7)

ε0 =
a− 3q1q

2
2 −

√
D

3(q32 − 1)
, (2.8)

ε2q1,q2ε0 =
1− q31
q32 − 1

. (2.9)

Èñïîëüçóÿ (2.7)�(2.9), ìû ïîëó÷àåì ñëåäóþùåå òîæäåñòâî

(

4(a− 3q1q
2

2)
3 − 3D(a− 3q1q

2

2) + 108(q31 − 1)(q32 − 1)2
)2

= D3, (2.10)

ñâÿçûâàþùåå êîîðäèíàòû (q1, q2) êðèâîé σ. �àññìîòðèì ïîâåäåíèå êðèâîé

σ â òî÷êàõ M ′
q1
, M ′

q2
.

Ïîäñòàâëÿÿ êîîðäèíàòû òî÷êè M ′
q1
â (2.5), ìû ïîëó÷àåì

f1, a
3
(ε) = ε3

(

(
a

3
)3 − 1

)

+ ε2(
a2

3
− a).

Òàêèì îáðàçîì, ε1, a
3

= 0. Íåñëîæíî ïðîâåðèòü, ÷òî êîîðäèíàòû òî÷êè

M ′
q1

óäîâëåòâîðÿþò óðàâíåíèþ (2.10). Îòìåòèì, ÷òî òî÷êà M ′
q1

êàê ýêñ-

òðåìàëüíàÿ òî÷êà â çàäà÷å î íàõîæäåíèè òî÷íîãî çíà÷åíèÿ êîíñòàíòû q2
äëÿ (1, q2)-îáîáùåííîãî íåðàâåíñòâà òðåóãîëüíèêà äëÿ BoxEα,β

áûëà íàé-

äåíà â ðàáîòå [10℄.

Ïîäñòàâëÿÿ êîîðäèíàòû òî÷êè M ′
q2
â (2.5), ìû ïîëó÷àåì âûðàæåíèå

fa
3
,1(ε) = ε(

a2

3
− a) +

(

(
a

3
)3 − 1

)

.

Òàê êàê a > 3, òî fa
3
,1 > 0 äëÿ âñåõ ε ≥ 0. (Â íåêîòîðîì ñìûñëå, ýòî

¾âûðîæäåííûé ñëó÷àé¿.) Íåñëîæíî ïðîâåðèòü, ÷òî êîîðäèíàòû òî÷êèM ′
q2

óäîâëåòâîðÿþò óðàâíåíèþ (2.10).

Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùóþ òåîðåìó.
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Òåîðåìà 2.5. Ïóñòü a = β

6
+ αβ

18
> 1. Òîãäà ìíîæåñòâî ∂Q3 ïðåäñòàâëÿåò

ñîáîé îáúåäèíåíèå äóãè êðèâîé σ ñ êîíöàìè â òî÷êàõM ′
q1
,M ′

q2
, êîîðäèíàòû

êîòîðîé óäîâëåòâîðÿþò óðàâíåíèþ

{

(

4(a− 3q1q
2
2)

3 − 3D(a− 3q1q
2
2) + 108(q31 − 1)(q32 − 1)2

)2
= D3,

D = 4(3q1q
2
2 − a)2 − 12(q32 − 1)(3q21q2 − a),

(2.11)

è ëó÷åé, ïðèíàäëåæàùèõ ìíîæåñòâó ∂K, íà÷èíàþùèõñÿ â òî÷êàõ M ′
q1

=
(1, a

3
), M ′

q2
= (a

3
, 1).

Â êà÷åñòâå ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ, ïîêàæåì, êàê íàõî-

äèòñÿ ìèíèìàëüíîå çíà÷åíèå q äëÿ (q, q)-îáîáùåííîãî íåðàâåíñòâà òðå-

óãîëüíèêà äëÿ BoxEα,β
.

Òåîðåìà 2.6. Ìèíèìàëüíàÿ êîíñòàíòà q äëÿ (q, q)-îáîáùåííîãî íåðà-
âåíñòâà òðåóãîëüíèêà äëÿ BoxEα,β

îïðåäåëÿåòñÿ êàê

q =

{

max{
√
2+α

2
, b}, max{α

2
, β
6
+ αβ

18
> 1},

1, max{α
2
, β
6
+ αβ

18
≤ 1},

ãäå b � êîðåíü óðàâíåíèÿ q3 + 3q2 = 1 + β

2
+ αβ

6
íà èíòåðâàëå (1,∞).

Äîêàçàòåëüñòâî. �àññìîòðèì, ñì. (2.5), óðàâíåíèå

fq,q(ε) = (q3 − 1)ε3 + (3q2 − a)ε2 + (3q2 − a)ε+ (q3 − 1) = 0

⇔ (a− 3q2)ε = (1− ε+ ε2)(q3 − 1)

⇔ (q3 − 1)ε2 + (−q3 + 3q2 − a + 1)ε+ (q3 − 1) = 0. (2.12)

Óðàâíåíèå (2.12) äîëæíî èìåòü åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü êðàò-

íîñòè 2, òàêèì îáðàçîì, äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî

(−3q3 + q2 − a+ 3)(q3 + 3q2 − a− 1) = 0. (2.13)

Îòìåòèì, ÷òî ïðè a ≤ 3q2 ó óðàâíåíèÿ (2.12) íå ìîæåò áûòü ðåøåíèé ïðè

q > 1. Òîãäà èç (2.13) ìû ïîëó÷àåì, ÷òî çíà÷åíèå ïàðàìåòðà q îïðåäåëÿ-

åòñÿ èç óðàâíåíèÿ q3 + 3q2 = 1 + a. Ó÷èòûâàÿ ñëåäñòâèå 5 èç ðàáîòû [5℄,

òåîðåìà 2.6 äîêàçàíà.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 50-61

Mat. Trudy, 2025, V. 28, N. 2, P. 50-61



�ðåøíîâ À.Â., �ðåøíîâà Ñ.À. 59

Ñïèñîê ëèòåðàòóðû

1. Àðóòþíîâ À. Â., �ðåøíîâ À. Â., (q1, q2)-êâàçèìåòðè÷åñêèå ïðîñòðàí-
ñòâà. Íàêðûâàþùèå îòîáðàæåíèÿ è òî÷êè ñîâïàäåíèÿ // Èçâ. �ÀÍ.

Ñåð. ìàòåì. 2018. Ò. 82, � 2. Ñ. 3�32.

2. Àðóòþíîâ À. Â., �ðåøíîâ À. Â., Òåîðèÿ (q1, q2)-êâàçèìåòðè÷åñêèõ ïðî-
ñòðàíñòâ è òî÷êè ñîâïàäåíèÿ // Äîêë. �ÀÍ. 2016. T. 469, � 5. Ñ. 527�

531.

3. Arutyunov A. V., Greshnov A. V., (q1, q2)-quasimetri spaes. Covering
mappings and oinidene points. A review of the results // Fixed Point

Theory. 2022. V. 23. P. 473-486.

4. Wilson W. A., On quasi-metri spaes // Amerian J. of Math. 1931.

V. 53. P. 675�684.

5. �ðåøíîâ À. Â., �ðåøíîâà Ñ. À., Îáëàñòè äîïóñòèìûõ ïàðàìåòðîâ

Box-êâàçèìåòðèê êàíîíè÷åñêèõ ãðóïï �åéçåíáåðãà è èõ îáîáùåíèé //

Ìàòåì. òð. 2024. Ò. 27, � 4. Ñ. 42�56.

6. �ðåøíîâ À. Â., (q1, q2)-Êâàçèìåòðèêè, áèëèïøèöåâî ýêâèâàëåíòíûå 1-
êâàçèìåòðèêàì // Ìàòåì. òð. 2017. Ò. 27, � 4. Ñ. 253�262.

7. �ðåøíîâ À. Â., Ìåòðèêè ðàâíîìåðíî ðåãóëÿðíûõ ïðîñòðàíñòâ

Êàðíî�Êàðàòåîäîðè è èõ êàñàòåëüíûõ êîíóñîâ // Ñèá. ìà-

òåì. æóðí. 2006. Ò. 47, � 2. Ñ. 259�292.

8. Vodopyanov S.K., Geometry of Carnot�Carath�eodory Spaes and

Di�erentiability of Mappings // In: Contemporary Mathematis. V. 424.

Providene, RI: AMS, 2007. P. 247�301.

9. Karmanova M., Vodop'yanov S., Geometry of Carnot�Carath�eodory

spaes, di�erentiability, oarea and area formulas // Analysis and

Mathematial Physis. (Trends Math.) Basel: Birkhauser, 2009. P. 233�

335.

10. �ðåøíîâ À. Â., Òðÿìêèí Ì. Â., Òî÷íûå çíà÷åíèÿ êîíñòàíò â îáîá-

ùåííîì íåðàâåíñòâå òðåóãîëüíèêà äëÿ íåêîòîðûõ (1, q2)-êâàçèìåòðèê
íà êàíîíè÷åñêèõ ãðóïïàõ Êàðíî //Ìàòåì. çàìåòêè. 2015. Ò. 98, � 4.

Ñ. 635�639.

11. Nagel A., Stein E. M., Wainger S., Balls and metris de�ned by vetor

�elds. I. Basi properties // Ata Math. 1985. V. 155. N 1�2. P. 103�147.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 50-61

Mat. Trudy, 2025, V. 28, N. 2, P. 50-61



60 Îáëàñòü äîïóñòèìûõ ïàðàìåòðîâ Box-êâàçèìåòðèêè

12. Ïîñòíèêîâ Ì. Ì., Ëåêöèè ïî ãåîìåòðèè. Ñåìåñòð V: �ðóïïû è àë-

ãåáðû Ëè. Ì.: Íàóêà, 1982.

Referenes

1. Arutyunov A. V. and A. V. Greshnov A. V. (q1, q2)-quasimetri spaes.
Covering mappings and oinidene points // Izvestiya: Mathematis.

2018. V. 82, N 2. P. 245�272.

2. Arutyunov A. V. and A. V. Greshnov A. V. Theory of (q1, q2)-quasimetri
spaes and oinidene points // Dokl. Math. 2016. V. 94. P. 434-437.

3. Arutyunov A. V. and Greshnov A. V. (q1, q2)-quasimetri spaes. Covering
mappings and oinidene points. A review of the results // Fixed Point

Theory. 2022. V. 23. P. 473-486.

4. Wilson W. A. On quasi-metri spaes // Amerian J. of Math. 1931.

V. 53. P. 675�684.

5. Greshnov A. V., Greshnova S. A. The domains of admissible parameters of

Box-quasimetris of anonial Heisenberg groups and their generalizations

// Mat. Tr. 2024. V. 27, N 4. P. 42�56.

6. Greshnov A. V. (q1, q2)-quasimetris bi-Lipshitz equivalent to 1-

quasimetris // Siberian Adv. Math. 2017. V. 27. P. 253�262.

7. Greshnov A. V. Metris and tangent ones of uniformly regular Carnot�

Carath�eodory spaes // Siberian Math. Jour. 2006. V. 47, N 2. P. 209�238.

8. Vodopyanov S. Geometry of Carnot�Carath�eodory Spaes and

Di�erentiability of Mappings // In: Contemporary Mathematis. V. 424.

Providene, RI: AMS, 2007. P. 247�301.

9. Karmanova M. and Vodop'yanov S. Geometry of Carnot�Carath�eodory

spaes, di�erentiability, oarea and area formulas // Analysis and

Mathematial Physis. (Trends Math.) Basel: Birkhauser, 2009. P. 233�

335.

10. Greshnov A. V., Tryamkin M. V. Exat values of onstants in the

generalized triangle inequality for some (1, q2)-quasimetris on anonial

Carnot groups //Math. Notes. 2015. V. 98, N 4. P. 694�698.

11. Nagel A., Stein E. M. and Wainger S. Balls and metris de�ned by vetor

�elds. I. Basi properties // Ata Math. 1985. V. 155. N 1�2. P. 103�147.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 50-61

Mat. Trudy, 2025, V. 28, N. 2, P. 50-61



�ðåøíîâ À.Â., �ðåøíîâà Ñ.À. 61

12. Postnikov M. M. Letures in Geometry. Semester V: Lie Groups and Lie

Algebras. Mosow: Mir, 1982.

Èí�îðìàöèÿ îá àâòîðàõ

Àëåêñàíäð Âàëåðüåâè÷ �ðåøíîâ, äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ

íàóê, äîöåíò

SPIN 6093-9948 AuthorID: 14988

Sopus Author ID 6506409279

Ñî�üÿ Àëåêñàíäðîâíà �ðåøíîâà, ñòóäåíòêà

Author Information

Alexander V. Greshnov, Dotor of Mathematis, Assoiate Professor

SPIN 6093-9948 AuthorID: 14988

Sopus Author ID 6506409279

So�ya A. Greshnova, Student

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 04.03.2025;

îäîáðåíà ïîñëå ðåöåíçèðîâàíèÿ 02.04.2025; ïðèíÿòà ê ïóáëèêàöèè

11.06.2025

The artile was submitted 04.03.2025;

approved after reviewing 02.04.2025; aepted for publiation 11.06.2025

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 50-61

Mat. Trudy, 2025, V. 28, N. 2, P. 50-61


